Abstract-Enhanced modulation bandwidth in complex cavity lasers can be obtained by exploiting the coupling between two adjacent cavity modes having proper spectral separation. We investigate the conditions that a complex cavity injection laser device must satisfy in order to take advantage of this effect to significantly increase its modulation bandwidth and we present a general design rule. According to the proposed guidelines, a structure is designed and then dynamically analyzed using a finite-difference time-domain program to show the validity of the proposed method. As an example the proposed guidelines have been adapted also to the design of a distributed Bragg reflector laser and extended modulation was found.
I. INTRODUCTION
T HE continuous demand for high data rates in digital communication systems increases the need of high speed, low cost light sources. Conventional lasers are internally limited by material properties and carrier transport time, determining a relatively low relaxation frequency [1] . The possibility to use longitudinal modes interaction to increase the modulation bandwidth has been already studied; extended modulation bandwidth (EMB) in DFB and two-section DBR lasers, well beyond relaxation frequency, has been experimentally demonstrated [2] - [4] . This effect takes place between the lasing mode and a spectrally close adjacent longitudinal mode on the long wavelength side. The mode coupling generates a sort of photon-photon resonance (PPR) at modulation frequency higher than carriers' relaxation frequency and this allows to extend the modulation bandwidth.
This effect has been recently exploited in Passive Feedback lasers (PFLs), two-section devices based on a DFB laser with integrated passive feedback section [5] .
The possibility to obtain EMB has been already investigated experimentally in three-section coupled cavity injection gratings (CCIG) lasers as well [6] . In this case the current injection in the different sections is used to modify the cavity mode spacing and obtain favorable conditions for PPR to occur.
Another technique, which is used to maximize the modulation bandwidth in DBR lasers, consists in employing a detuned-loading configuration, i.e. the cavity is designed to have the lasing mode on the slope of the long-wavelength side of the reflection peak [7] , [8] . This occurrence and the fact that the device itself acts as a compound cavity have been indicated as main requirements to obtain PPR [9] .
The large enhancement of the modulation bandwidth, caused by a PPR between two modes with frequency spacing well below the free spectral range (FSR), has been already observed to be closely related to a special behavior of the cavity round-trip phase (RTP) function [10] .
In this paper we present general design guidelines that can be followed to find the cavity parameter set that can lead to PPR in CCIG lasers; the method can be used for other multiple cavity lasers, too. The paper is organized as follows: in Sect. II we present the general problem to find the modes of the compound cavity; in Sect. III the path to find CCIG design rules is presented. In Sect. IV the small and large signal dynamics of one designed structure is investigated using the finite-difference travelling-wave (FDTW) model exploring the modulation properties of the laser around the PPR conditions previously determined. In Sect. V we briefly consider the most known case of the DBR laser to show the validity of the proposed design guidelines and in Sect. VI the conclusions are briefly presented II. STATIC MODEL A three-section CCIG is a compound cavity (Fig. 1) formed by an active section A, a central section with grating G and a phase section P, whose lengths, effective refractive indices, gain and intrinsic losses are respectively L s ,n s , g s , α s , with s = A, G, P.
The end-facets reflection coefficients are r L and r R and we will disregard the (usually very low) reflection coefficients at the interfaces between adjacent sections. In the most general case also these effects can be easily introduced with a proper transmission matrix without affecting the proposed analysis procedure.
The resonance equation G at the active/grating sections interface (dashed line in Fig. 1 ) is given by
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Here T i j are the grating section transfer matrix elements defined as in [11] :
where γ = √ κ 2 − δ 2 , κ is the grating coupling coefficient, δ = 2πn G /λ − π/ is the complex detuning and λ B is the Bragg wavelength of the grating section; the three sections complex propagation constants are evaluated as
where the effective indicesn s are approximated as
where g re f,s is a reference gain/loss value depending on the s-section current injection,n re f,s is the refractive index evaluated at the abovementioned Bragg wavelength and reference gain,n s λ B , g re f,s , n g is the group refractive index and finally α H,s is the s-section Henry parameter. Cavity modes are obtained from Eq. 1(a) for integer values of ϕ/2π; for the lasing mode m at threshold we have:
These two conditions allow to numerically find the lasing mode wavelength λ m and the required active section gain g m,A .
Non-lasing modes with n = m still satisfy the equation ϕ n = 2nπ, but with |G n | = G λ n , g m,A < 1, being the active section gain g A clamped to the previously calculated value g m,A .
In Fig. 2 , two examples of the round trip gain (RTG) |G| and phase (RTP) ϕ functions plots are reported as a function of frequency in the case of a CCIG whose structure is described below (structure S1 of Table I ). The other material parameters used for the different simulations presented throughout this paper are listed in Table II .
In most cases the modes spacing is approximately the same, although slightly perturbed by the grating effects, index dispersion, etc. In particular we can observe in the case Total reflectivity, RTP and "modes" Table  I with two different optical lengths of the phase section P (a)n re f,P = 3.244, and (b)n re f,P = 3.250. The thin lines in (a) indicate the local tangent to the RTP.
reported in Fig. 2(a) that the RTP has monotone behavior with a significant increase in the slope just outside the grating stop band. This behavior allows a significant reduction of the mode spacing respect to that inside the stop band when the lasing mode is at the border of the stop band; we call this a type I behavior as in [12] . On the contrary, in Fig. 2 (b) a clear and local reduction in mode separation takes place when the RTP shows a non-monotone variation; we call this a type II behavior. This causes the same mode to become three-fold degenerate because the lasing mode, the PPR mode (i.e. the mode whose beating with the lasing mode produces the PPR effect) and the unstable anti-mode [12] , all indicated in Fig. 2 (b), belong to the same integer value of ϕ/2π (so, we have a degenerate eigen-number) and the three eigen-values lie very close each other. As it will be shown later on by dynamical numerical simulations, these two cases represent conditions to obtain EMB. In the case shown in Fig. 2(b) , the optical lengths of the phase section was changed increasing its effective refractive indexn re f,P respect to the case in Fig. 2 (a), until this condition was reached. The lasing mode operates in both cases in a detuned loading condition and the separation between the lasing and the competing mode (indicated with arrows) is reduced to values well below the FSR in the grating stop band. This effect can lead to a very efficient PPR, allowing an increase of the modulation bandwidth. It is not easy to obtain such operating points, since many material and cavity parameters determine this operation condition. The aim is now to determine the cavity parameters that allow obtaining more easily such a behavior.
III. SEARCH FOR EMB CONDITIONS AND DESIGN GUIDELINES
As can be seen in Fig. 2 , a reduction in the mode separation appears when the lasing mode is close to a deep minimum of the reflectivity function; at the same time, in order to have stable lasing condition, the mode on the other side of the stop band should guarantee an acceptable gain margin.
Investigating the occurrence of these conditions we found important to consider as relevant cavity parameters: 1) the spectral separation between the first two zeros of the reflectivity function of the DBR reflector
where c is the light velocity in vacuum; 2) the FSR in the active cavity (active + grating sections) for the modes inside the stop band
, being L G,e f f the effective grating length [13] ; 3) the FSR of the whole cavity modes when operating outside the stop band
From the analysis of the RTG and RTP functions we found that a short phase section in the feedback cavity is more suitable to obtain a satisfactory and less critical lasing mode gain margin condition in comparison with long phase cavity (Fig. 2) . This is obtained when the ratio f z / f P between the grating reflectivity band f z and the feedback cavity FSR f P is at maximum slightly greater than 1. This happens because, for a short phase section, the feedback cavity reflectivity function presents a single dominant reflectivity lobe, as reported in Fig. 2 , respect to the multiple lobes behavior of the long phase section case.
In addition, in order to have a good gain margin respect to the competing mode, it is important to properly choose the ratio R BG A = f z / f A between the grating reflectivity bandwidth and the FSR of the active cavity in order to avoid a too close cavity mode spacing inside the reflectivity band. The condition we found from our simulations is that only 1 or 2 cavity modes should appear in the grating reflectivity main lobe; this implies R BG A be in the range 1-1.5, depending on the reduction of the reflectivity main lobe produced by the feedback.
For a given structure this parameter determines the maximum detuning of the lasing mode respect to the maximum reflectivity peak; this allows to extend the carrier photon (CP) modulation bandwidth thanks to the detuned loading effect.
Finally we found that it is easier to obtain the resonance peak around the wanted frequency in the modulation response if the value of f T is similar to it.
Furthermore, in order to have the strong dispersion reported in the examples in Fig. 2 , the output reflectivity of the feedback cavity facet r R should be comparable with the grating's one, in order to produce a deep minimum in the RTG function, as in Fig. 2(b) .
If the criteria indicated above are satisfied we can expect that, with a proper fine tuning of the active and feedback cavities optical length, we may find a region in which type I and II operation condition may appear. From Fig. 1 we can see that the shape of the RTP is completely determined by the feedback cavity reflectivity r F B ; the active section optical length enters in the equations only to fix the frequencies where the modes lie. Because of this, to find the EMB operation regions it is sufficient to study the behavior of the feedbackcavity phase; in particular two useful and clarifying maps we investigated are those of the feedback cavity reflectivity and of its phase λ−derivative dϕ cavit y /dλ, where φ cavit y = atan ( r F B ). Their maps, for the structure of Fig. 2 , are reported in Fig. 3 using in ordinates the normalized variation of the phase section length ( ϕ = π for x P = 1) and in abscissas the detuning from the Bragg's frequency. The derivative map is reported only for negative detuning since from previous analysis (see e.g. [2] , [7] , [9] ) it is well known that EMB can be obtained only when the lasing mode frequency is higher respect to the interacting side mode's one. This map is particularly useful for the easiness to judge the possibility to obtain PPR, just visually inspecting the map regions with high positive phase derivative (darker regions) and with negative derivative (lighter ones). In these areas, the type I and type II phase behavior reported in Fig. 2 can respectively be found. By correlating the results reported in the Fig. 2(a) and Fig. 2(b) , one can clearly see that the most interesting operation conditions respect to PPR are those in which the lasing mode and its closest side mode are on the opposite sides of a minimum reflectivity region. In this case one can easily obtain that the reduction in the mode spacing is around 1/2 of the value inside the stop band.
From the previous results one can define the following CCIG lasers design guidelines: 1) from the simulated or measured modulation bandwidth of single section lasers one can define the frequency In ordinate and abscissa, the x variation corresponds to a mode shift of one FSR. In the region delimited by the continuous white line, f < 40 GHz, in the region inside the dotted white line, the gain margin is lower than 0.1.
location of the PPR required in order to extend such a modulation bandwidth; 2) the previous information allows to determine f A of the active cavity (about twice the PPR frequency) and consequently also f z for the grating section (R BG A should be in the range 1-1.5); 3) the length of the phase section, that should be as short as possible, can instead be determined on the basis of the tuneability range needed for the feedback cavity (see ordinates in Fig. 3(a) ); 4) and finally the sum of all the lengths should give a value of f T in the range of the wanted PPR peak in the modulation response. For a structure defined with the conditions indicated above one can compute the maps in Fig. 3 and vary the feedback parameters (grating length, coupling coefficient and end-facet reflectivity) in order to increase as much as possible the "blue and red" regions. This procedure is aimed to increase the regions in which PPR can take place.
As a second step one can compute, for the whole cavity, a map of the frequency separation f at threshold between the lasing mode and the PPR one, varying the optical lengths of the active and phase sections. Variation of one FSR is obtained by changing the effective index n A,P in active and phase sections of an amount given by n A,P = λ B /2L A,P x A,P , where the normalized effective index variation x A,P varies in the interval [−0.5, 0.5].
On the f map, as in Figs. 4 and 5, we also plot with a white dotter contour line the gain margin G = 1−|G| = 0.1 isophotes and with a white continuous line the f = 40 GHz curves. A first indication on the possibility to obtain PPR with the analyzed cavity can be estimated from this map, looking at the extension of the area with f < 40 GHz; the larger this area, the greater the probability to reach the PPR conditions trough a proper tuning. In Fig. 4 and Fig. 5 , f is mapped in the normalized plane (x A , x P ) for the two cavities described in Table I . It may be noticed that the structure S1 in Fig. 4 is characterized by a large region with f below 40 GHz and with a large region with gain margin G > 0.1; on the contrary, S2 is worst respect to both these parameters, as shown in Fig. 5 .
Structure S2 has been presented to show how, deviating from the rules indicated previously, the area of close mode separation reduces. In this case, this is mainly because of the cleaved facet reflectivity value (|r R | 2 = 0.32), that is too small compared to the grating peak reflectivity (0.44); therefore interference effects are reduced in the feedback cavity reflectivity function and consequently the RTP function presents less rapid variations respect to case S1. Furthermore the ratio f z / f P is significantly greater than 1. These small changes are big enough to significantly reduce the area inside the f = 40 GHz curve in Fig. 5 .
The structure S1 is clearly the most promising one and for this reason we will now investigate it in more detail, showing in the next Section its dynamic characteristics analyzed with a FDTW program.
From the f map in Fig. 4 , it is interesting to investigate the parameter space along a vertical cut, with fixed x A = 0 value, corresponding to a long x p interval in which f < 40 GHz and G > 0.1. We plot, in Fig. 6 , the map of the round-trip gain function |G| at threshold and the modes position in the (x p -wavelength λ) plane. The CCIG cavity modes positions appear as colored tracks: the lasing (in red) and the PPR modes are indicated by arrows. The mode generating PPR lies near a deep reflectivity minimum, 0.2-0.3 nm apart from the lasing mode for quite a long interval of x P , and with a separation well below the FSR. Between x P = −0.15 and x P ≈ 0.05, they belong to a 3-folded degenerate cavity solution, similar to the one shown in Fig. 2(b) . From x P = 0.05 on, they belong to different solutions, but dispersion (due to their closeness to a reflectivity minimum) makes them to remain close each other.
IV. DYNAMIC ANALYSIS
The previously presented procedure has been used to design a device (S1) to be dynamically simulated. The study of the dynamics has been performed with a program based on the FDTW approach [14] . Since we are using the static model results as input for the dynamic analysis, the first point to be verified is the consistency between the results obtained using the two models. This has been checked evaluating the optical S 11 parameter of the CCIG cavity under investigation and verifying that the frequencies of the zeros of the S 11 phase correspond to the resonances computed using resonance condition (1). This property can be verified analytically in the particular case of a Fabry-Pérot cavity and it can be linked to the Kramers-Kronig causality relation in case of a system with many resonances.
For the structure S1 the results are reported in Fig. 6 , where the plus markers are solutions calculated with FDTW method, superposed on the solution obtained with the static model previously described. The reported results are showing a good agreement.
In order to verify if an efficient PPR really takes place, the amplitude modulation response of the device was calculated for the same range of effective indexes used in the previous Section analysis. The FDTW simulation is done applying an above threshold DC current and, once the output power is completely stabilized, a small current step is added. The small signal intensity modulation responses is then calculated in the investigated range of normalized parameter x P , evaluating the ratio between the Fourier Transform of the optical response and of the current step excitation. The resulting intensity modulation map is reported in Fig. 7(a) , whereas in Fig. 7(b) four Cuts of the map reporting the IM responses when x P = −0.08 (too strong PPR peak that will then lead to instabilities for slightly lower values of x), x P = −0.03 (optimal −3 dB modulation bandwidth), x P = 0.1 and x P = 0.24 (the wavelength distance between the modes is too large and PPR peak is consequently too low).
horizontal "cuts" of the modulation map are reported, identifying them with A, B, C and D letters. The intensity modulation of the laser with r R = 0 is also reported for comparison. The map of the modulation response as a function of the normalized parameter x P completes the information contained in Fig. 6 and shows that PPR is actually present, but its intensity depends on the distance between the lasing mode and its closest neighbor. When x P ≈ −0.1, the frequency separation between the two modes is around 50 GHz, the PPR is not strong enough, and a large gap between the two resonance peaks of the IM response is present. When this distance reduces, the PPR peak increases its amplitude; the gap between the photon-carrier resonance and PPR is progressively filled (x P ≈ −0.1). An irregular, self-pulsating like, behavior occurs when the two peaks merge (x P ≈ −0.2). From the map in Fig. 7(a) , the best IM −3dB bandwidth can be obtained when x P ≈ −0.03. The same FDTW program used to evaluate the small signal modulation response can be employed to study the large signal dynamics. As an example we report in Fig. 8 the eye diagrams obtained with a large signal modulation of laser S1 by a NRZ PRBS signal. For bit 0 the current level is 45 mA, while for bit 1 the current level is 140 mA; the applied current is bandwidth limited in order to simulate the cut-off frequency of a real driver. The eye is clearly open at a repetition rate of 30 Gbit/s, with an extinction ratio greater than 4 dB, required by the IEEE 802.3ba standard for devices operating at 40 Gbit/s (Fig. 8(a) ) [15] . For a 40 Gbit/s repetition rate, the eye diagram is more closed but these requirement are still satisfied (Fig. 8(b) ). The results are qualitatively comparable with those presented in [16] for a DFB laser with feedback controlled by an integrated external cavity.
A similar small signal analysis was performed also for the non-optimized structure S2. The modulation response reported in Fig. 9 clearly shows that, in agreement with Fig. 5 , a region of EMB is present for x P between 0.2 and 0.3. Because of the high gain margin around this region, unfortunately, the PPR quickly disappears for higher values of the normalized parameter x P . Unfortunately the large signal modulation of this device, calculated with the same currents used for device S1, has an eye which is already closed at a repetition rate of 33 Gbit/s. This shows that small and large signal modulations can be obtained only in optimized devices.
V. DBR CASE
The DBR laser can be obtained from the CCIG case assuming the absence of the feedback from the phase section. In this case the reflectivity function r F B is simply that of the grating with ARC termination. The previously introduced relevant cavity parameters f z , f A , f T and R BG A remain relevant for the design guideline; we found that in this case, in order to obtain PPR in a wide range of the phase variation, R BG A should be around 1, due to the wider reflectivity peak respect to the case with feedback. Furthermore when operating in high detuned loading condition and with low grating losses a type II (see Fig. 2b ) RTP curve behavior allow obtaining the extension of the modulation characteristic by PPR. Fig. 10 reports the small signal modulation response for a DBR designed following these guidelines; when operating at the optimal small signal modulation condition, the simulated eye diagram is clearly open when a NRZ signal with 30 Gbit/s bit rate is applied (Fig. 11) .
VI. CONCLUSION
We presented a procedure that can be applied to find operation condition favorable to EMB operation in complex cavity lasers. The analysis pointed out the role of the dispersion around a deep minimum of the reflectivity function as a condition to reduce the FSR between the lasing mode and an adjacent mode, allowing to obtain extended modulation bandwidth.
For a CCIG laser cavity a design procedure to obtain these operation conditions was found using a static cavity mode analysis at threshold.
As an example, the small and large signal dynamic analysis of one designed structure has been numerically done using a FDTW program. The results show a clear improvement of the modulation bandwidth due to PPR when the structure is properly identified using the proposed design procedure.
Finally the proposed procedure has been also applied successfully to the design of a DBR laser.
